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We present simple proofs of Macaulay’s theorem and Clements–
Lindström’s theorem. We generalize Shakin’s theorem by proving
that a stable ideal I of S is Macaulay–Lex if and only if I is
a piecewise lexsegment ideal. We also study Macaulay–Lex ide-
als of the form 〈xe11 , xt11 xe22 , xt11 xt22 xe33 , . . . , xt11 · · · xtn−1n−1xenn 〉, where 2
e1  · · · en ∞ and ti < ei for all i, and generalize Clements–
Lindström’s theorem.
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1. Introduction
Let S = k[x1, . . . , xn] be a polynomial ring over a ﬁeld k and I =⊕d0 Id be a graded ideal of S .
The function
HilbI :N∪ {0} →N∪ {0},
HilbI (d) = dimk Id = |Id|
is called the Hilbert function of I . In [5], Macaulay proved that if I is a graded ideal in S , then there
exists a lex ideal L of S such that HilbI = HilbL , i.e., every Hilbert function of a graded ideal in S is
attained by a lex ideal of S . Let M be a monomial ideal of S . We say that M and S/M are Macaulay–
Lex if every Hilbert function of a graded ideal in S/M is attained by a lex ideal of S/M . In [1],
Clements and Lindström proved that the ideal 〈xe11 , . . . , xenn 〉 is Macaulay–Lex for 2 e1  · · · en ∞
(where x∞i = 0). In the case e1 = · · · = en = 2, the result was obtained earlier by Katona [3] and
Kruskal [4]. In [8], Shakin proved that a strongly stable ideal B of S is Macaulay–Lex if and only if B
is a piecewise lexsegment ideal.
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In Section 3, we generalize Shakin’s theorem by proving that a stable ideal I of S is Macaulay–Lex if
and only if I is a piecewise lexsegment ideal. In Section 4, we study Macaulay–Lex ideals of the form
〈
xe11 , x
t1
1 x
e2
2 , x
t1
1 x
t2
2 x
e3
3 , . . . , x
t1
1 · · · xtn−1n−1xenn
〉
,
where 2  e1  · · ·  en ∞ and ti < ei for all i, and generalize Clements–Lindström’s theorem by
proving the following theorem.
Theorem 1.1. Let I = 〈xe11 , xt11 xe22 , xt11 xt22 xe33 , . . . , xt11 · · · xtn−1n−1xenn 〉, where 2 e1  · · · en ∞, ti < ei for all
i and x∞i = 0. I is Macaulay–Lex if and only if I has one of the following forms:
(a) I = 〈xe11 , xt11 xe22 , . . . , xt11 xenn 〉.
(b) I = 〈xe11 , xe1−11 xe22 , xe1−11 xt22 xe33 , . . . , xe1−11 xt22 · · · xtn−1n−1xenn 〉.
2. Macaulay’s and Clements–Lindström’s theorems
First, we recall some deﬁnitions and notations from [2]. Let S = k[x1, . . . , xn] be a polynomial ring
over a ﬁeld k. S =⊕d0 Sd is standard graded by deg(xi) = 1 for all 1  i  n. For any set A ⊆ S ,
we denote by Mon(A) the set of all monomials of A. For any monomial xa = xa11 · · · xann , we deﬁne the
degree of xa to be deg(xa) =∑ni=1 ai . We deﬁne the graded lexicographic order on Mon(S) by setting
xa = xa11 · · · xann <lex xb11 · · · xbnn = xb if either deg(xa) < deg(xb) or deg(xa) = deg(xb) and ai < bi for the
ﬁrst index i such that ai = bi . For any monomial u ∈ S , we set m(u) = max{i: xi divides u}. A d-vector
space is a k-vector subspace of Sd . A d-monomial space is a d-vector space spanned by monomials.
A d-monomial space Vd is called lexsegment if whenever Vd 
 xa <lex xb and xb ∈ Sd we have
xb ∈ Vd .
A d-monomial space Vd is called strongly stable if xiu/x j ∈ Vd for all u ∈ Mon(Vd) and all i < j
such that x j divides u.
A d-monomial space Vd is called stable if xiu/xm(u) ∈ Vd for all u ∈ Mon(Vd) and all i <m(u).
A monomial ideal I =⊕d0 Id is called a lex ideal, or a (strongly) stable monomial ideal, if Id is
lexsegment, or a (strongly) stable monomial space, for all d 0.
The deﬁnitions above can be generalized to a quotient ring S/M , where M is a monomial ideal
in S , see [7]. If Vd is a d-monomial space in S/M , we denote by S1Vd the (d + 1)-monomial space
generated by
{xi z | 1 i  n, z ∈ Vd and xi z /∈ M}.
Example 2.1.
• The ideal I = 〈x31, x21x2, x21x3, x1x22〉 is lex in k[x1, x2, x3].
• The ideal I = 〈x31, x21x2, x1x22〉 is strongly stable in k[x1, x2, x3] but not a lex ideal (note that I 

x1x22 <lex x
2
1x3, but x
2
1x3 /∈ I).
• The ideal I = 〈x21, x1x2, x22, x2x3〉 is stable in k[x1, x2, x3] but not a strongly stable ideal (note that
x2x3 ∈ I , but x1x3 = x1(x2x3/x2) /∈ I).
• The ideal I = 〈x21, x1x2, x22, x2x3〉 is lex in k[x1, x2, x3]/〈x1x3〉.
The following lemma is helpful to check if the ring is Macaulay–Lex.
Lemma 2.2. Let M be a monomial ideal in S. The following properties are equivalent.
(a) S/M is Macaulay–Lex.
(b) If Vd is a d-monomial space in (S/M)d and Ld is the lexsegment space in (S/M)d, such that |Vd| = |Ld|,
then |S1Ld| |S1Vd|.
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generated by Mon(Vd). There exists a lex ideal L =⊕ j0 L j , such that |L j| = |I j|, for all j  0. It
follows that |Ld| = |Id| = |Vd| and
|S1Ld| |Ld+1| = |Id+1| = |S1Vd|.
Assume that (b) holds. Let J =⊕d0 Vd be a graded ideal in S/M . By Gröbner basis theory, we can
assume that J is a monomial ideal. For each d  0, let Ld be the lexsegment space in (S/M)d , such
that |Ld| = |Vd|. Since |S1Ld| |S1Vd|  |Ld+1| for all d  0, it follows that L =⊕ j0 L j is an ideal.
Clearly, it is a lex ideal and has the same Hilbert function as J . 
Deﬁnition 2.3. (See [6, Deﬁnition 3.1].) Let M be any monomial ideal in S , R = S/M and i ∈ {1, . . . ,n}.
Clearly, if Vd is a d-monomial space of R , then Vd can be written uniquely in the form
Vd =
⊕
0 jd
xd− ji W j
where W j is a j-monomial space in the ring S/(M + 〈xi〉). We say that Vd is xi-compressed if each
W j is lexsegment in S/(M + 〈xi〉).
If K j is the lexsegment space in S/(M + 〈xi〉) such that |K j | = |W j | and Ld =⊕0 jd xd− ji K j ,
we say that Ld is the xi-compression of Vd . We say that a d-monomial space of R is compressed if it
is xi-compressed for all 1 i  n.
Example 2.4. The space V = (x31, x21x2, x21x3, x1x22, x32) is compressed in k[x1, x2, x3]3. Note that
V = (x32)⊕ x1(x22)⊕ x21(x2, x3) ⊕ x31(1)
= (x31, x21x3)⊕ x2(x21)⊕ x22(x1) ⊕ x32(1)
= (x31, x21x2, x1x22, x32)⊕ x3(x21).
Let M be a monomial ideal. For any z ∈ Mon(S/M), we denote by Tz the set
Tz =
{
xi z
∣∣ i m(z) and xi z /∈ M}.
Lemma 2.5. Let Vd be a d-monomial space in R = S/M, where M is a monomial ideal in S.
(a) If Vd is a stable space in Rd, then |S1Vd| =∑z∈Mon(Vd) |Tz|.
(b) If Vd is a compressed space and n 3, then Vd is strongly stable.
Proof. First we prove (a). It is suﬃcient to show that
Mon(S1Vd) = Mon
( ⋃·
z∈Mon(Vd)
Tz
)
.
Let z ∈ Mon(Vd) such that xi z ∈ Mon(S1Vd). If i  m(z), then xi z ∈ Tz . Assume that i < m(z). It is
clear that w = xi z/xm(z) /∈ M . Since Vd is stable, we have w = xi z/xm(z) ∈ Mon(Vd). So
xi z = xm(z)w ∈ Tw .
We show that the union is disjoint. Let xi z1 ∈ Tz1 and x j z2 ∈ Tz2 such that z1 = z2 and xi z1 = x j z2.
Assume that m(z1) <m(z2). So j m(z2) >m(z1). Since x j |xi z1, it follows that i = j, and so z1 = z2,
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a contradiction.
Now we prove (b). Let z ∈ Vd and w = xi z/x j ∈ Mon(S/M), where i < j and x j divides w . There
exists an index 1  k  n such that k = i, j. Since w >lex z, w and z have the same k-exponent and
Vd is compressed, it follows that w ∈ Vd . 
A special case of the previous lemma, when M = 〈xe11 , . . . , xenn 〉, was proved by Mermin and Peeva
(Lemma 3.6 of [6]). We need the following lemma, which is very useful.
Lemma 2.6. For every n  2, let Fn be a class of monomial ideals in k[x1, . . . , xn]. Assume that the classes
satisfying the following properties:
(a) I is Macaulay–Lex for all I ∈ F2 .
(b) If I ∈ Fn, n 3 and i ∈ {1, . . . ,n}, then there exists J ∈ Fn−1 such that
k[x1, . . . , xn]/
(
I + 〈xi〉
)∼= k[x1, . . . , xn−1]/ J .
(c) For every I ∈ Fn and a compressed space Vd in (k[x1, . . . , xn]/I)d, where n  3, if z,w ∈ Mon((k[x1,
. . . , xn]/I)d) such that z >lex w ∈ Vd and z /∈ Vd, then |Tz| |Tw |.
Then, for all n 2, every I ∈ Fn is Macaulay–Lex.
Proof. We prove the lemma by induction on n. Let n > 2. Let I ∈ Fn and Vd be a d-monomial space
in k[x1, . . . , xn]/I . By Lemma 2.2, it suﬃces to prove that |S1Ld| |S1Vd|, where Ld is the lexsegment
space in (k[x1, . . . , xn]/I)d such that |Ld| = |Vd|. We use an argument similar to that in the proof
of [7, Lemma 3.2], to assume that Vd is compressed. Set Vd(0) = Vd . For each 1  i  n, let Vd(i)
be the xi-compression of Vd(i − 1). Obviously, |Vd(i)| = |Vd(i − 1)| for all 1  i  n. We prove that
|S1Vd(i)| |S1Vd(i − 1)|, for all 1 i  n. Assume that Vd(i − 1) =⊕0 jd xd− ji W j , where W j is a
j-monomial space in k[x1, . . . , xn]/(I + 〈xi〉) and Vd(i) =⊕0 jd xd− ji K j . Let S = k[x1, . . . , xˆi, . . . , xn],
where xˆi means that xi is omitted. We have
S1Vd(i) = xd+1i K0 ⊕
⊕
0 jd−1
xd− ji (S1K j + K j+1) ⊕ S1Kd.
By [6, Proposition 2.5], S1K j and K j+1 are lexsegments. So we have
∣∣S1Vd(i)∣∣= |K0| +
d−1∑
j=0
max
{|S1K j|, |K j+1|}+ |S1Kd|.
By (b) and the inductive step we obtain that |S1K j | |S1W j |. Then
∣∣S1Vd(i)∣∣ |W0| +
d−1∑
j=0
max
{|S1W j|, |W j+1|}+ |S1Wd|
 |W0| +
d−1∑
j=0
|S1W j + W j+1| + |S1Wd|
= ∣∣S1Vd(i − 1)∣∣.
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a compressed space. If Ld = Vd , then we are done. Otherwise, we denote by z the greatest monomial
in Ld such that z /∈ Vd and w the smallest monomial in Vd . We also denote by M the vector space
spanned by Mon(Vd) \ {w} ∪ {z}. By (c) and Lemma 2.5, we have
|S1M| = |S1Vd| − |Tw | + |Tz| |S1Vd|.
By repeating this argument, we obtain that |S1Ld| |S1Vd|. 
Lemma 2.7. Let M be a monomial ideal in S and Vd a compressed space in (S/M)d. If z,w ∈ Mon((S/M)d)
such that z = xa11 · · · xann >lex w = xb11 · · · xbnn ∈ Vd and z /∈ Vd, then ai = bi for all i.
Proof. Assume, on the contrary, that ai = bi for some i. Since Vd is xi-compressed, we obtain that
z ∈ Vd , a contradiction. 
Lemma 2.8. Let I = 〈xe11 , xt11 xe22 , xt11 xt22 xe33 , . . . , xt11 · · · xtn−1n−1xenn 〉, where 2  e1  · · ·  en ∞ is a sequence
of integers or ∞, x∞i = 0, n  3 and ti < ei for all i. Assume that Vd is a compressed space in (S/I)d and
z,w ∈ Mon((S/I)d) such that z = xa11 · · · xann >lex w = xb11 · · · xbnn ∈ Vd and z /∈ Vd. Then:
(a) m(z) = n.
(b) If ti = 0 for all 2 i  n − 1, then an > bn.
Proof. We show that m(z)  m(w). Assume, on the contrary, that m(z) < m(w). By Lemma 2.7,
we have m(w) = n. Let z = xa11 · · · xass , where as = 0 and s < n. We consider the following cases:
Case 1. b2 = 0. So a2 = 0, since Vd is x2-compressed. Since a1 < e1  en , we obtain that u =
xb11 x
a2
2 · · · xass xa1−b1n is a monomial in S/I . Clearly, u >lex w . Since Vd is x1-compressed, we have u ∈ Vd .
Since Vd is strongly stable, we obtain that z = xa1−b11 u/xa1−b1n ∈ Vd , a contradiction.
Case 2. b2 = 0 and bn < en . Note that zxbnn /v /∈ Vd , for every monomial v ∈ k[x1, . . . , xn−1] of degree
bn such that v divides z. By Lemma 2.7, a1 > b1. So we can obtain a monomial u /∈ Vd of the form
u = xb1+c11 xc22 · · · xcss xbnn , where c1 > 0, 0 c j  a j for 2 j  s and u ∈ Sd . Since Vd is xn-compressed,
we have u ∈ Vd , a contradiction.
Case 3. b2 = 0 and ai < ti for some i. The argument is similar to that in Case 2.
Case 4. b2 = 0, bn  en and ai  ti for all i. If a2 < b2, . . . ,as < bs , then
b2 + · · · + bs + bn > a2 + · · · + as + en > a1 + · · · + as,
a contradiction to our assumption that deg(z) = deg(w) = d. So there exists 2  j  s, such that
a j  b j . Since ai  ti for all i, it follows that a j  e j − 1 < en . We obtain that u = zxa j−b jn /xa j−b jj is a
monomial in S/I . Clearly, u >lex w . Since Vd is x j-compressed, we have u ∈ Vd . Since Vd is a strongly
stable space, we obtain that z = xa j−b jj u/x
a j−b j
n ∈ Vd , a contradiction.
This implies that m(z)m(w). Since Vd is xn-compressed, we conclude that m(z) = n.
Now, we prove (b). By Lemma 2.7, an = bn . Assume, on the contrary, an < bn . If b1 < t1, then
wxbn−an2 /x
bn−an
n ∈ Vd is a monomial in S/I . Since Vd is xn-compressed, it follows that z ∈ Vd , a con-
tradiction. So, we may assume that b1  t1 and then bn < en .
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Vd is stable, we have z ∈ Vd , a contradiction. So, we may assume that bk = 0, for some 2 k n − 1.
As before, we get a monomial u /∈ Vd of the form u = xb1+c11 xc22 · · · xcn−1n−1 xbnn , where c1 > 0, 0 c j  a j
for 2 j  n − 1 and u ∈ Sd . Since Vd is xn-compressed, we have u ∈ Vd , a contradiction. 
Theorem2.9 (Macaulay). For every graded ideal J in S there exists a lex ideal L with the same Hilbert function.
Proof. We apply Lemma 2.6 to {Fn}n2, where Fn = {(0)}. We prove that the zero ideal (0) is
Macaulay–Lex in S = k[x1, x2]. Let Vd be a d-monomial space in S and Ld be the lexsegment in
Sd such that |Vd| = |Ld|. By Lemma 2.5, |S1Ld| = |Ld| + 1. It is clear that |S1Vd|  |Vd| + 1, so
|S1Vd| |S1Ld|. Then the class F2 satisﬁes (a). It is clear that the classes Fn , where n 3, satisfy (b).
It remains to check the property (c). Let Vd be a compressed space in (S/I)d , where S =
k[x1, . . . , xn], n  3 and I ∈ Fn . Assume that z,w ∈ Mon((S/I)d) such that z >lex w ∈ Vd and z /∈ Vd .
We need to show that |Tz| = n−m(z)+ 1 |Tw | = n−m(w)+ 1, i.e., m(z)m(w). This follows from
Lemma 2.8. 
Theorem 2.10 (Clements–Lindström). Let 2 e1  · · · en ∞ be a sequence of integers or ∞. Assume that
I = 〈xe11 , . . . , xenn 〉, where x∞i = 0. Then for every graded ideal J in S/I there exists a lex ideal L in S/I with the
same Hilbert function.
Proof. We apply Lemma 2.6 to {Fn}n2, where Fn = {〈xe11 , . . . , xenn 〉 | 2  e1  · · ·  en ∞}. First,
we prove that the ideal I = 〈xe11 , xe22 〉 in S = k[x1, x2] is Macaulay–Lex. Let Vd = (w1, . . . ,ws) be a
d-monomial space in S and Ld = (m1, . . . ,ms) be the lexsegment in Sd such that |Vd| = |Ld|, where
wi >lex wi+1 and mi >lex mi+1 for all i. If d < e1−1, then d < e2−1 and |S1Vd| |Vd|+1= |Ld|+1=
|S1Ld|. So we may assume that d e1−1. By Lemma 2.5, every monomial in S1Ld is of the form x2mi ,
for some i. We deﬁne the function f : Mon(S1Ld) → Mon(S1Vd) by
f (x2mi) =
{
x2wi, ifmi = wi,
x1wi, ifmi = wi .
We show that x1wi is a monomial in S1Vd if mi = wi and x2mi ∈ Mon(S1Ld). Otherwise, we have
x1wi ∈ 〈xe11 , xe22 〉 and so x1wi ∈ 〈xe11 〉. Then x2z ∈ 〈xe11 〉 for every monomial z >lex wi . So x2mi ∈ 〈xe11 〉,
a contradiction. Clearly, f is injective. Then |S1Ld|  |S1Vd|. This proves the case n = 2. The prop-
erty (b) follows from the following isomorphisms
k[x1, . . . , xn]
〈xe11 , . . . , xenn 〉 + 〈xi〉
= k[x1, . . . , xn]〈xe11 , . . . , xei−1i−1 , xei+1i+1 , . . . , xenn 〉 + 〈xi〉
∼= k[x1, . . . , xi−1, xi+1, xn]〈xe11 , . . . , xei−1i−1 , xei+1i+1 , . . . , xenn 〉
∼= k[x1, . . . , xn−1]〈xe11 , . . . , xei−1i−1 , xei+1i , . . . , xenn−1〉
.
It remains to check the property (c). Let Vd be a compressed space in (S/I)d , where S =
k[x1, . . . , xn], n  3 and I ∈ Fn . Assume that z,w ∈ Mon((S/I)d) such that z >lex w ∈ Vd and z /∈ Vd .
We need to show that |Tz|  |Tw |. By Lemma 2.8, m(z) = n. So Tz = ∅ or Tz = {xnz}. Assume that
Tz = ∅. So, xnz is a monomial in S/I . By Lemma 2.8, xnw is also a monomial in S/I . This show that
|Tz| |Tw |. 
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Deﬁnition 3.1. Let I be a monomial ideal in S . Denote by G(I) the minimal generators of I . We say
that I is piecewise lexsegment if whenever z >lex w ∈ G(I), deg(z) = deg(w) and m(z)m(w), we have
z ∈ I .
It is clear that every piecewise lexsegment ideal is strongly stable. The proof of the next lemma is
similar to that in Proposition 3.6 of [8].
Lemma 3.2. Let I be a stable ideal in S and xnw ∈ Mon(I). Then either w ∈ I or xnw ∈ G(I).
In this section, we prove that if I is a stable ideal, then I is Macaulay–Lex if and only if I is a
piecewise lexsegment ideal. In [8], Shakin proved this statement for a strongly stable ideal.
Lemma 3.3. Let I be a piecewise lexsegment ideal in S. Assume that Vd is a compressed space in (S/I)d, n 3
and z,w ∈ Mon((S/I)d) such that z = xa11 · · · xann >lex w = xb11 · · · xbnn ∈ Vd and z /∈ Vd. Then |Tz| |Tw |.
Proof. We show that m(z)  m(w). Assume, on the contrary, m(z) < m(w). So an = 0. Since Vd is
xn-compressed, we have bn = 0, so m(w) = n. We consider the following cases:
Case 1. b2 = 0. So a2 = 0, since Vd is x2-compressed. Also a1 = 0, since Vd is x1-compressed.
Let v = zxn/x1. If v ∈ I , then by Lemma 3.2, v ∈ G(I). Since m(z)  m(v) and z >lex v , we have
z ∈ I , a contradiction. Clearly, v /∈ Vd . After ﬁnitely many steps in this way, we obtain that u =
xb11 x
a2
2 · · · xass xa1−b1n /∈ Vd is a monomial in S/I . Clearly, u >lex w . Since Vd is x1-compressed, we have
u ∈ Vd , a contradiction.
Case 2. b2 = 0. A similar argument to that in Case 1 shows that zxn/xi ∈ S/I , for all i < n such that xi
divides z. We obtain that zxbnn /v /∈ Vd , for every monomial v ∈ k[x1, . . . , xn−1] of degree bn such that
v divides z. So we can obtain a monomial u /∈ Vd of the form u = xb1+c11 xc22 · · · xcss xbnn , where c1 > 0,
0 c j  a j for 2 j  s and u ∈ Sd . Since Vd is xn-compressed, we have u ∈ Vd , a contradiction.
So m(z)m(w), and then m(z) = n. We obtain that Tz = ∅ or Tz = {xnz}. Assume that Tz = ∅ and
xnw ∈ I . By Lemma 3.2, we have xnw ∈ G(I). Since I is a piecewise lexsegment ideal, it follows that
xnz ∈ I , a contradiction. 
Theorem 3.4 (Shakin). If I is a piecewise lexsegment ideal, then I is Macaulay–Lex.
Proof. For all n 2, let Fn to be the class of all piecewise lexsegment ideals in S = k[x1, . . . , xn]. We
apply Lemma 2.6 to {Fn}n2. Since every piecewise lexsegment ideal in k[x1, x2] is lex, it follows that
every I ∈ F2 is Macaulay–Lex, by Theorem 2.9. This proves (a) of Lemma 2.6.
Let I be a piecewise lexsegment ideal in S = k[x1, . . . , xn], 1 i  n and Ai = {z ∈ G(I) | xi  z}. Then
I + 〈xi〉 = J + 〈xi〉, where J is the monomial ideal in S/xi generated by Ai . Clearly, J is a piecewise
lexsegment ideal in S/〈xi〉. Then S/(I +〈xi〉) ∼= k[x1, . . . , xn−1]/ J for some J ∈ Fn−1. This proves (b) of
Lemma 2.6. The property (c) follows from Lemma 3.3. 
Proposition 3.5. Assume that I is a Macaulay–Lex and stable ideal. Then I is piecewise lexsegment ideal.
Proof. Assume, on the contrary, that I is not a piecewise lexsegment. So there exists a minimal gen-
erator w ∈ Id of I and a smallest monomial z ∈ Sd , such that w <lex z and m(z)m(w), but z /∈ I . Let
w = xb11 · · · xbll , where bl > 0. If m(z) < l, then zxm(z)+1/xm(z) ∈ I and so z ∈ I , a contradiction. So, we
may assume that z = xa11 · · · xall , where al > 0. Since w is a minimal generator, we have z/xl,w/xl /∈ I .
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{v ∈ Mon((S/I)d−1) | v >lex z/xl}. Denote by L and V the subspaces generated by Mon(A)∪ {z/xl} and
Mon(A) ∪ {w/xl}, respectively. By the proof of Lemma 2.5 and the minimality of z, we have
Mon(S1A) =
{
v ∈ Mon((S/I)d) ∣∣ v >lex xt z/xl}
where t =m(z/xl). Since w ∈ I , we obtain that xiw/xl ∈ I for all 1 i  l. So
Mon(S1V ) = Mon(S1A) ∪ {x jw/xl | j > l and x jw/xl /∈ I}.
We show that the map
f : {x jw/xl | j > l and x jw/xl /∈ I} → Tz/xl \ {z}
deﬁned by f (x jw/xl) = x j z/xl is well deﬁned. If x j z/xl = u ∈ I for some j > l, then, since I is stable,
we get z = xlu/x j ∈ I , a contradiction. Clearly, f is injective. So we have
|S1L| = |S1A| +
∣∣Tz/xl \ {z}∣∣+ ∣∣{z}∣∣
> |S1A| +
∣∣Tz/xl \ {z}∣∣
 |S1A| +
∣∣{x jw/xl | j > l and x jw/xl /∈ I}∣∣
= |S1V |.
Since I is Macaulay–Lex, we have |S1L| |S1V |, a contradiction. 
Combining Theorem 3.4 and Proposition 3.5, we obtain the following theorem.
Theorem 3.6. Let I be a stable ideal in S. Then I is Macaulay–Lex if and only if I is piecewise lexsegment.
4. A generalization of Clements–Lindström’s theorem
In this section, we study Macaulay–Lex ideals of the form
I = 〈xe11 , xt11 xe22 , xt11 xt22 xe33 , . . . , xt11 · · · xtn−1n−1xenn 〉
where 2 e1  · · · en ∞ and ti < ei for all i. We begin with the following lemma.
Lemma 4.1. Let I = 〈xe11 , xt11 xe22 , . . . , xt11 · · · xtn−1n−1xenn 〉, where 2 e1  · · · en ∞ and ti < ei for all i. If I is
Macaulay–Lex, then I has one of the following forms:
(a) I = 〈xe11 , xt11 xe22 , . . . , xt11 xenn 〉.
(b) I = 〈xe11 , xe1−11 xe22 , xe1−11 xt22 xe33 , . . . , xe1−11 xt22 · · · xtn−1n−1xenn 〉.
Proof. Let s = max{i | ei < ∞}. If s = 2, then I = 〈xe11 , xt11 xe22 〉. So we may assume that s > 2. Assume
that 0 t1 < e1 − 1, and tk = 0 for some 2 k < s.
Let z = xt1+11 x
∑s
i=2(ei−1)−1
s , w = xt11 xe2−12 · · · xes−1s and A = {v ∈ Mon(S/I) | v lex z}. Clearly, z,w ∈
Mon(S/I). Denote by L and V the spaces generated by A and A \ {z} ∪ {w}, respectively. Note that
wxi/xs ∈ I , for any 2 i < s, and wx1/xs >lex z. We conclude that L and V are stable spaces. Clearly,
xsw /∈ Tw and Tz = {xsz, . . . , xnz}. So
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a contradiction. We conclude that tk = 0, for all 2 k < s. Then I = 〈xe11 , xt11 xe22 , . . . , xt11 xenn 〉. 
For a monomial z and a d-monomial space Vd , we denote by z >lex Vd the property that z >lex w ,
for all w ∈ Vd . We start to prove the converse of Lemma 4.1.
Lemma 4.2. The ideal I = 〈xe11 , xt1xe22 〉 of S = k[x1, x2], where 2 e1  e2 ∞ and t < e1 , is Macaulay–Lex.
Proof. Let Vd = (w1, . . . ,ws) be a d-monomial space in S/I and Ld = (m1, . . . ,ms) be the lexseg-
ment in (S/I)d such that |Vd| = |Ld|, where wi >lex wi+1 and mi >lex mi+1 for all i. We consider the
following cases of d.
Case 1. d < e1 − 1. Since e1  e2, we obtain that
|S1Vd| |Vd| + 1 = |Ld| + 1 = |S1Ld|.
Case 2. e1 − 1 d < e2 + t − 1. The function f : Mon(S1Ld) → Mon(S1Vd) deﬁned by f (x2mj) = x2w j
is well deﬁned and injective. So |S1Vd| |S1Ld|.
Case 3. d = e2 + t − 1. Deﬁne the function f : Mon(S1Ld) → Mon(S1Vd) by
f (x2mj) =
⎧⎪⎨
⎪⎩
x2w j, ifmj = w j,
x1w j, if w j lex xt1x
e2−1
2 ∧mj = w j,
x2w j, if w j <lex xt1x
e2−1
2 ∧mj = w j .
If w j lex xt1x
e2−1
2 and mj = w j , then x1w j ∈ Mon(S/I). Otherwise, we obtain that x2mj ∈ I , a con-
tradiction. Similarly, if w j <lex xt1x
e2−1
2 and mj = w j , then x2w j ∈ Mon(S/I). This show that f is well
deﬁned. Note that f is injective. So |S1Vd| |S1Ld|.
Case 4. d e2 + t . Deﬁne the function f : Mon(S1Ld) → Mon(S1Vd) by
f (x2mj) =
⎧⎪⎨
⎪⎩
x2w j, ifmj = w j,
x1w j, if w j >lex 〈xt1xe22 〉d andmj = w j,
x2w j, if w j <lex 〈xt1xe22 〉d andmj = w j .
As before f is well deﬁned and injective. So |S1Vd| |S1Ld|. 
Lemma 4.3. The ideal
I = 〈xe11 , xe1−11 xe22 , xe1−11 xt22 xe33 , . . . , xe1−11 xt22 · · · xtn−1n−1xenn 〉,
where 2 e1  · · · en ∞ and ti < ei for all i, is Macaulay–Lex.
Proof. For every n 2, let Fn be the class of all ideals in k[x1, . . . , xn] of the form
〈
xe11 , x
e1−1
1 x
e2
2 , x
e1−1
1 x
t2
2 x
e3
3 , . . . , x
e1−1
1 x
t2
2 · · · xtn−1n−1xenn
〉
.
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Let I ∈ Fn , where n  3, and i ∈ {1, . . . ,n}. If i = 1 then S/I + 〈x1〉 ∼= k[x1, . . . , xn−1]. In this case, we
take J = (0) ∈ Fn−1 (e1 = ∞). If i > 1, then we take
J = 〈xe11 , xe1−11 xe22 , . . . , xe1−11 xt22 · · · xti−2i−2xei−1i−1 〉.
We prove the property (c). Let z = xa11 · · · xann and w = xb11 · · · xbnn such as in Lemma 2.6. By Lemma 2.8
and Lemma 2.7, we obtain that m(z) = n and a1 > b1, respectively. It follows that xnw /∈ I . So
|Tz| |Tw |. 
Lemma 4.4. The ideal
I = 〈xe11 , xt1xe22 , . . . , xt1xenn 〉,
where 2 e1  · · · en ∞ and t < e1 , is Macaulay–Lex.
Proof. For all n 2, let Fn be the class of all ideals in k[x1, . . . , xn] of the form 〈xe11 , xt1xe22 , . . . , xt1xenn 〉.
We apply Lemma 2.6 to {Fn}n2. We prove the property (c). Let z = xa11 · · · xann and w = xb11 · · · xbnn such
as in Lemma 2.6. By Lemma 2.8, m(z) = n. So Tz = ∅ or Tz = {xnz}. Assume that Tz = ∅. So, xnz is
a monomial in S/I . By Lemma 2.8, an > bn . If xnw ∈ I , then b1  t and bn = en − 1. So a1 > t , and
an > en − 1. It follows that z ∈ I , a contradiction. So xnw is also a monomial in S/I . This show that
|Tz| |Tw |. 
By combining the whole lemmas in this section, we have the following result.
Theorem 4.5. Let I = 〈xe11 , xt11 xe22 , xt11 xt22 xe33 , . . . , xt11 · · · xtn−1n−1xenn 〉, where 2  e1  · · ·  en ∞ and ti < ei
for all i. I is Macaulay–Lex if and only if I has one of the following forms:
(a) I = 〈xe11 , xt11 xe22 , . . . , xt11 xenn 〉.
(b) I = 〈xe11 , xe1−11 xe22 , xe1−11 xt22 xe33 , . . . , xe1−11 xt22 · · · xtn−1n−1xenn 〉.
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